The intrinsic localized mode (ILM) in a spatially periodic and articulated structure is examined in detail numerically. The structure is composed of identical, uniform and rigid members connected with neighboring ones at junctions through couplers giving nonlinear restoring moments. The system, with both free ends, constitutes a constrained Hamiltonian system subject to holonomic constraints by continuity of displacements at junctions. The formulation of flexural motions of the system has been already given in the previous paper [Y. Watanabe, K. Hamada, and N. Sugimoto: Wave Motion 45 (2007) 100], where the existence and properties of the stationary ILMs were examined in detail. In this paper, it is revealed by calculations under asymmetrical initial conditions with respect to the center of the structure, that there are two types of mobile ILMs: one is a trapped type at either end of the structure and the other is a propagating type at a constant speed, but subject to reflections at both ends. It is the former that shows the general behavior of the ILMs in the structure and the stationary type of ILM found in the previous paper should be regarded as a special case.
Introduction
Intrinsic localized modes or discrete breathers (DBs) are discovered by the pioneering studies in the 80s. They are stable localized oscillations that occur in nonlinear, spatially discrete and perfectly periodic systems without any defects, impurities or dissipative forces. For example, see Scott and Macneil, 1) Eilbeck, Lomdahl and Scott, 2) and Sievers and Takeno.
3) Many investigations are now still being made theoretically and experimentally. [4] [5] [6] [7] [8] [9] [10] [11] [12] In our previous paper we have proposed a simple analytical system, a periodic and articulated structure, to model real mechanical systems, such as large-scaled space or marine structures. These structures often consist of combination of a number of identical units, such as beams or panels connected to adjoining ones by couplers. The structures possess locally spatial periodicity. We have considered the wave propagation and its characteristics in such structures. 13, 14) In these papers we have considered the bounded structure composed of a finite number of rigid members with couplers which yield hard nonlinear restoring moments against rotations (Fig. 1) . It should be noted that flexural (transverse) motions are of primary importance in this structure rather than longitudinal ones unlike as in lattice dynamics, though the flexural motions induce longitudinal ones by finite geometrical displacements. For motions restricted in a plane, the existence of ILM excited under symmetrical initial conditions and stationary at the center of the structure has been revealed and the properties of the ILM have been studied in detail.
Regarding flexural motions in a discrete model and its dynamics, Green 15) has studied statical and dynamical behaviors of a discrete structure (a mechanical lattice) made of finite pin-joint rigid links with pivots which are supported by vertical linear springs and also under axial loads. In the case that the system has Hamiltonian, he has shown existence and stability of stationary type of DBs. The mechanical elements composing the lattice show all linearresponse to displacements, so only geometrical nonlinearity is responsible for emergence of the DBs in the system, whereas our models involve the explicit nonlinear elements (couplers) and they have great influence on the existence and characteristic of ILMs. 16, 17) Also it should be emphasized that the ILMs have been found in the finite-length, bounded structure, where the existence of the ends has effects on the properties of oscillations and plays an vital role in propagation of localized part of the ILM through the distribution of the tension, as will be shown in this paper.
In what follows, the analytical model and formulation are presented in x2. There the equations are directly derived from Newton's equation of motion, though they are also obtained from the Euler-Lagrange equations for the Lagrangian taking account of geometrical constraints in ref. 13 . The equations have been solved numerically under asymmetrical initial conditions to see behaviors of mobile ILMs for various sets of values of parameters. In x3, using the standard Runge-Kutta method, we show typical results concerning the propagation of localized oscillations. Some discussions on the results are given in x4.
Model and Formulation
The structure consists of N ð) 2Þ identical and rigid Model of a spatially periodic and articulated structure which is composed of uniform and rigid members such as beams or panels connected to adjoining ones by couplers, where the structure extends to the x direction in equilibrium and motions are restricted in the x-y plane.
members, which are of finite length and of uniform density along the axis of unit, and are connected to adjoining ones at each end by a coupler giving nonlinear restoring moment (Fig. 2) . Each member may be a beam or a panel, and the mass of the coupler and the length of the interval of the junction are assumed to be negligible. A member with couplers at both ends forms one unit of the structure. Supposing that the number of the units N is large but finite, they are numbered consecutively by integer j (1 j N) and physical variables pertaining to the unit j are denoted by attaching subscript j. The junction located at the left end of the jth unit is called the jth junction. At the left end of the 1st unit and the right end of the Nth unit, the structure is free.
Motions of the structure are restricted in the x-y plane where the x-axis is taken along the structure in equilibrium. In the jth unit, the position of the center of mass of the unit is denoted by ðx j ðtÞ; y j ðtÞÞ and the angle of the centerline to the x-axis is denoted by j ðtÞ, t being the time. In Fig. 2 , the configuration of the structure is shown with the tension, whose the x and y components are denoted by j and j , respectively, and restoring moment (torque) M j of the jth unit affected by the coupler at its left end. Each of the arrows in the figure defines the positive sense. At its right end the tension and torque are denoted by jþ1 , jþ1 , and M jþ1 oriented by arrows. Suppose that the restoring moment is given by a linear plus cubic function of difference in angle between two centerlines of the adjacent units in the following form:
for 2 j N, K and K C being positive constants of modulus of rotation. The cubic term is adopted as the natural, lowest-order nonlinear response of the restoring moment and gives the system nonlinearity with geometrically finite displacements in motion.
We start with deriving the equations to be solved. They are derived by applying Newton's law of motions to each unit together with continuity of displacement at each junction. After normalizing the variables by adequate quantities, the axial length, density of the unit and linear modulus K in the restoring moment, the governing equations are expressed as follows:
for the jth unit, 1 j N, where ð K C =KÞ is a parameter of nonlinearity in the response of coupler to rotation, and
for the jth junction, 2 j N, where
, and Nþ1 are taken to vanish due to the free boundary conditions at the both ends of the structure. Equation (2) with initial condition for j are the set of equations to be solved simultaneously.
We can see characteristics of the linear-wave propagation in the infinitely long structure by linearizing equations of eq. (2) with assumption that j j j ( 1 (see ref. 13 ). Under the assumption, j vanish for all j so we can reduce them to a difference-differential equation for y j (or j ).
The linear dispersion relation to the equations is derived by assuming a sinusoidal wave for y j (or j ) in the form of exp½iðkj À !tÞ, k and ! being a dimensionless wave number and an angular frequency, respectively, as follows:
where ! 0 ð¼ ffiffiffiffiffi 48 p % 6:93Þ is a cutoff frequency. Although the function ! is periodic in k with periodicity 2, only the range jkj is physically valid because the shortest wavelength is never larger than twice the unit length (-mode). It is found that the passing band lies under ! 0 and the -mode propagates with the cutoff frequency. It has been shown that the ILMs stationary at the center of the structure oscillate with higher angular frequencies than ! 0 .
13)

Numerical Analysis
System of equations for calculations
Here we eliminate the tensions from eq. (2) to reduce them in the form of the simultaneous equations for x j , y j and j to be solved numerically. First, it is immediately found from (2a) and (2b) that
which show that the center of mass of the system is stationary. The system is conservative, so that the total energy of the system, which is given as the sum of the kinematical energy of each unit and potential energy of each Fig. 2 . Configuration of the articulated structure and definitions of the tension and restoring moment (torque) of the jth unit affected by the couplers at its ends, where the position of the center of mass and the angle of centerline of the unit to the x-axis are denoted by ðx j ; y j Þ and j , respectively; the x and y components of tension and torque affected at the left end of the unit are denoted by j , j and M j , respectively, with the definitions of positive directions by the arrows.
coupler at a moment, is preserved. In each step of our calculations, the order of errors has been checked by using the total energy. Next, using eqs. (2a) and (2b) to eq. (2c) for eliminating j and j , we obtain the relations among x j , y j , and j for 1 j N:
where the summations vanish for j ¼ N, of course. Lastly, we take (2d) and (2e) differentiated twice with respect to t for 2 j N:
Equations (4), (5), and (6) compose a complete simultaneous ones for 3N unknowns of x j , y j , and j with 1 j N, which are solved by the standard 4th-order Runge-Kutta method.
Initial conditions
As the initial conditions, the values for j are given in the form of the -mode whose envelope is modulated in the form of a pulse as
for 1 j N, where A, , and are constants, c ð¼ N=2 þ 1=2Þ is the center of the structure and (0 jj N=2) indicates the offset of the center position of modulation from c. By symmetry of the system, evolution with þ is equivalent with the one with À. The initial positions of units, x j ð0Þ and y j ð0Þ, are determined by the conditions of constraints (2d) and (2e) if one set of the values of j ð0Þ for all j is prescribed. All initial velocities are taken to vanish, dx j =dt ¼ dy j =dt ¼ d j =dt ¼ 0 for all j, so that the system has no angular momentum and does not rotate as a whole. In the case of ¼ 0, the initial profile and axial distribution of tension are balanced with respect to the center of the structure. This may generate stationary-type ILMs as shown in the previous paper. 13) Choosing any value of 6 ¼ 0, however, the initial profile and axial distribution of tension are asymmetrical. The initial asymmetry sets an excited localized oscillation mobile in the structure. In the following calculations, we have taken N ¼ 64, ¼ 5000, A ¼ =180, and ¼ 0:6 in view of our previous paper, 13) although we have carried out many calculations for other combinations of values of and . As an example, the initial axial distribution of the angles and spatial profile of the structure with ¼ À4 and the corresponding axial distributions of tensions are shown in Figs. 3 and 4 . These show the asymmetries with respect to the center of the structure.
Numerical results
With the initial conditions above, we solve numerically the simultaneous eqs. (4), (5) and (6) with (7). The accuracy of numerical solutions are checked by monitoring the total energy to be conserved. The relative error is found to be of order 10 À7 in the calculations. Incidentally, in our studies calculations by a symplectic integration, which takes longer computation times than ones by the Runge-Kutta method, have been carried out to assure the results obtained by the Runge-Kutta method. The typical solutions in the case with ¼ 0, À10, À20, À28, and À32 are displayed in Fig. 5 . This shows the spatio-temporal profiles of the structure up to t ¼ 500 for each of the values of and the traces of the maximum amplitude in the envelope. It is seen that in each case the initial localized part in the structure neither decays nor disperses, but remains oscillating periodically in time. Figure 5(a) shows the case of ¼ 0, which corresponds to the stationary mode reported in detail in our previous paper, 13) where the oscillations are quasi-periodic. Many numerical solutions for a variety of values of the nonlinear parameter and initial profiles have shown that the localized modes excited in this structure are essentially quasi-periodic, whereas ILMs in other lattice dynamics are periodic. Figure 5 (a) is a special case, compared with the cases (b), (c) and (d), as explained bellow, so now this mode should be called a stationary type of ILM. It is found that the stationary type of ILM excited at the center of structure is unstable with respect to its position. Even small value of jj ð6 ¼ 0Þ sets the localized part of ILM slowly in motion from its excited position and mobile. In Figs. 5(b)-5(e), the typical cases of 6 ¼ 0 are shown. In each case the excited localized oscillation generally moves in the structure with the respective patterns in propagation depending on the value of jj. In Fig. 5(b) , where ¼ À10, we see an unpredictable motion of the localized oscillation. Our detailed studies have shown that in the cases that the values of jj are smaller than about 10, the localized oscillation often propagates irregularly at variable speed and subject to reflections at both ends for a while, but it gradually settles down near one end with reflections and finally becomes trapped by the end.
In the cases of the larger values of jj, the behaviors become qualitatively similar: the localized part starts from its initial position to head for its nearby end immediately, moves closer to the end and is finally trapped by the end after bounding many times. Figure 5(c) is an example for the cases. The larger value of is taken, the earlier the localized part reaches the end of the structure. The localized part initially set beside the end remains stationary as shown in Fig. 5(d) . This mode should be regarded as another stationary-type ILM and is found to be relatively stable concerning its position.
If we set the localized part just on the end, that is, in the case ¼ À32, the situation changes dramatically: the localized part immediately starts to propagate toward the other end at a constant speed, after reflecting there, gets back at the same speed to the initial position and again head for the other end with reflection. This process lasts endlessly [ Fig. 5(e) ]. The existence of trapped and traveling ILMs in such a structure is new findings in this paper.
Discussions
We have demonstrated the typical patterns in propagation of the mobile localized oscillations under the asymmetrical initial conditions. The numerical results indicate that an excited localized oscillation generally propagates along the structure and is trapped at one end in the course of time, except for the special cases. In this paper the values of constants about the nonlinearity and initial profile of the structure, , A and are fixed, to compare with the results shown in our previous paper. 13) Further calculations for various sets of the values of these constants show that the results in this paper are not special to the localized oscillations in this bounded structure. Other numerical calculations under the conditions for N ¼ 48; 96; 128, which are large enough for the width of the localized part to have no effects on the ends of the structure, bring about the qualitatively same results as for N ¼ 64. These studies strongly support that the behaviors of ILMs discovered in this paper are generic in the dynamics in the structure. Figure 6 shows a series of snapshots of spatial distributions of the x and y components of tension over one cycle of typical oscillation of an ILM in motion in the case of ¼ À20 [see Fig. 5(c) ]. The position of the maximum point of distribution of j j j moves along the axis in response to the localized part of the ILM. The distribution of j j j localizes at the same position as the one of localized oscillation and is breathing together with it. Especially the distribution of j j j which is linear, non-localized and asymmetrical with respect to the center of structure strongly takes part in the propagation of the ILM and can be regard as its ''driving force''. Not only the mobile ILMs which are finally trapped at one end of the structure but also another type of mobile ILMs have been identified, which continue propagating at a constant speed endlessly subject to being reflected at both ends [see Fig. 5(e) ].
We have not found clear quantitative criteria for classifying or predicting the patterns in propagation, although they may be of interest. For behavior of the localized oscillation in propagation near the end we could conjecture the tendency from interactions between two localized oscillations. In general, the behavior of flexural motion at a free boundary can be considered by using its mirror image. A localized oscillation arriving at the end can be regarded as a collision of the two identical and in-phase oscillations. We need to study 18) and will report the details of the interactions in a forthcoming paper.
Conclusions
The propagation of mobile ILMs excited in the articulated structure with the both ends free have been examined in detail numerically under the asymmetrical initial profiles with respect to the center of the structure. It has been revealed that the ILMs are trapped by either end of structure eventually in most cases, but they can be propagated across the system endlessly by reflections at both ends. The latter case is rather exceptional. The ILM which remains fixed at the center of the structure should be regarded as a special case. For the mobile ILMs, the distribution of the x component of tension plays an important role.
It is expected that the results revealed in this paper will be useful in analyzing the phenomena in oscillations on the real structures with spatial periodicity from the viewpoint of nonlinear dynamics. Such considerations are important in designing or constructing such structures in future. 
